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UNIFORM HYPERBOLICITY OF THE GRAPHS OF NONSEPARATING
CURVES VIA BICORN CURVES
ALEXANDER J. RASMUSSEN
Abstract. We show that the graphs of nonseparating curves for oriented finite type surfaces are
uniformly hyperbolic. Our proof closely follows the proof of uniform hyperbolicity of the graphs
of curves for closed surfaces due to Przytycki-Sisto. As demonstrated by Aramayona-Valdez, this
proves also that the graph of nonseparating curves for any oriented infinite type surface with finite
positive genus is hyperbolic.
1. Introduction
In this paper we investigate the geometry of the graphs of nonseparating curves for oriented
surfaces of finite type (i.e. with finitely generated fundamental group) and infinite type. The graph
of nonseparating curves for an oriented finite type surface has been shown to be hyperbolic by
Hamensta¨dt [11] and a proof can also be deduced from the work of Masur-Schleimer [13]. However,
in both of these proofs, the constant of hyperbolicity cannot be shown to be independent of the
topological type of the surface. Aramayona-Valdez ask in [3] whether the graphs of nonseparating
curves are uniformly hyperbolic (that is, whether the constant of hyperbolicity can be taken to be
independent of the topological type of the surface). We prove in this paper that this indeed the
case.
Theorem 1.1. There exists δ > 0 with the following property. Let S be any finite-type oriented
surface of positive genus. Then the graph of nonseparating curves NS(S) is δ-hyperbolic and infinite
diameter.
Part of the motivation for studying this problem comes from the fact that the graphs of curves
are uniformly hyperbolic. The graph of curves C(S) for an oriented finite type surface S is a graph
acted on by the mapping class group Mod(S). The vertices of C(S) are the free homotopy classes
of essential non-peripheral simple closed curves on S and the edges join pairs of homotopy classes
that have disjoint representatives. Studying the action of Mod(S) on C(S) has proved useful for
proving results on the algebra and geometry of Mod(S). Many such results rely on the fact that
C(S) is hyperbolic. Hyperbolicity of the graphs of curves was first proved by Masur-Minsky in [14].
Later, proofs of uniform hyperbolicity were given independently by Aougab [1], Bowditch [6], Clay-
Rafi-Schleimer [8], and Hensel-Pzytycki-Webb [12]. The proof from [12] is particularly short. An
even shorter proof of uniform hyperbolicity was found by Przytycki-Sisto [16] for the special case of
curve graphs of closed oriented surfaces. However, this proof does not seem to extend immediately
to the case of oriented surfaces with finitely many punctures. Despite this difficulty, in this paper
we show that the proof of Przytycki-Sisto can be extended to give uniform hyperbolicity of the
graphs of nonseparating curves.
Another source of motivation for proving that the graphs of nonseparating curves are uniformly
hyperbolic comes from the theory of big mapping class groups, or in other words, mapping class
groups of infinite type surfaces. Big mapping class groups arise naturally in many contexts and
particularly in the context of dynamics as described by Calegari on his blog [7]. Research on big
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mapping class groups has accelerated recently, with many researchers investigating analogies with
mapping class groups of finite type surfaces. Such analogies fail in many cases: big mapping class
groups are uncountable, not residually finite [15], and not acylindrically hyperbolic [5].
Nonetheless, many authors have recently investigated various graphs acted on by big mapping
class groups, in analogy with the curve graphs of finite type surfaces: [2], [3], [4], [9], [10]. Note
that the curve graph itself for an infinite type surface always has diameter two and therefore is
trivial up to quasi-isometry. In his blog post [7], Calegari examined the mapping class group of
the plane minus a Cantor set. Hoping to find a graph better suited to studying this mapping
class group, he defined the ray graph of the plane minus a Cantor set. In [4], Bavard showed that
this graph is hyperbolic and infinite diameter. In [2], Aramayona-Fossas-Parlier generalized this
construction for any infinite-type oriented surface with at least one isolated puncture, showing that
the resulting graph is hyperbolic and infinite diameter. In [9], Durham-Fanoni-Vlamis constructed
certain infinite diameter hyperbolic graphs for a general family of surfaces all having infinite genus
or at least one isolated puncture.
The above constructions give infinite diameter hyperbolic graphs acted on by Mod(S) for cer-
tain surfaces S with infinite genus or at least one isolated puncture. Desiring to circumvent this
restriction, in [3] Aramayona-Valdez studied the graph of nonseparating curves for a finite genus
oriented surface, establishing that this graph is infinite diameter and that it is hyperbolic if and
only if the graphs of nonseparating curves for oriented finite type surfaces are uniformly hyperbolic.
Therefore we have the following:
Corollary 1.2. Let S be an oriented infinite type surface with finite positive genus. Then NS(S)
is δ-hyperbolic and infinite diameter with δ as in Theorem 1.1.
Notice that the above Corollary applies even when S has isolated punctures. The importance
however is that if S has no isolated punctures, then NS(S) is the first naturally defined infinite
diameter hyperbolic graph known to be acted on by Mod(S).
Further work needs to be done to determine the applications of the action on NS(S) to the study
of Mod(S). This action is not acylindrical since infinitely many mapping classes stabilize any pair
of nonseparating curves. One natural application of the action would be to investigate the existence
of nontrivial quasimorphisms on Mod(S) (that is, quasimorphisms which are not at finite distance
from any homomorphism). Note that Mod(S) admits certain nontrivial quasimorphisms simply
because there is a quotient homomorphism Mod(S) → Mod(S), where S is S with the punctures
filled in, and Mod(S) admits many nontrivial quasimorphisms. Studying the action of Mod(S) on
NS(S) may provide examples of nontrivial quasimorphisms not arising in this way.
The paper is organized as follows. In Section 2.1 we recall definitions and background for surfaces
S of genus at least two. In Section 2.2 we give the proof of Theorem 1.1 in this case. In Section 3
we discuss the minor modifications that need to be made for surfaces of genus one.
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2. The case of genus at least two
2.1. Set up. Let S be an oriented finite type surface of genus at least two. A priori, S may have
boundary components and punctures. However, since the difference between boundary components
and punctures will not be relevant for us, we will assume that S has no punctures. In other words
we assume that S is compact. Denote by NS(S) the graph of nonseparating curves defined as
follows. The vertices of NS(S) are free homotopy classes of nonseparating simple closed curves in
2
S. Two vertices are joined by an edge if the corresponding homotopy classes have representatives
intersecting at most twice. We will show that NS(S) is hyperbolic with hyperbolicity constant
independent of S.
Note that the graph of nonseparating curves is usually defined by joining vertices with an edge if
they have disjoint representatives. We denote this graph by NS ′(S). However, Lemma 2.1 below
easily implies that NS(S) is quasi-isometric to NS ′(S) with quasi-isometry constants independent
of S. Hence our proof will also give uniform hyperbolicity of NS ′(S).
Let d(·, ·) denote the distance in NS(S) or in NS ′(S). Let i(·, ·) denote geometric intersection
number. In other words, if a and b are free homotopy classes of simple closed curves then i(a, b) is
the minimal number of points of intersection between a simple closed curve representing a and a
simple closed curve representing b. For a an oriented closed curve on S we denote by [a] the class
represented by a in H1(S, ∂S;Z).
Throughout the proofs that follow we will use the following facts:
(i) A simple closed curve a is separating if and only if [a] = 0 (when we give a either orientation).
(ii) A simple closed curve a is nonseparating if and only if there exists a curve b such that
i(a, b) = 1.
Lemma 2.1. For a, b ∈ NS ′(S)0, dNS′(S)(a, b) ≤ 2i(a, b) + 1.
Proof. The proof is a slight variation of a proof due to Masur-Minsky [14].
We prove the statement by induction on i(a, b). If i(a, b) = 1 then a regular neighborhood of
a∪b is a once-punctured torus. Hence the complement of this neighborhood has positive genus and
therefore there is some non-separating curve c of S contained in the complement of a∪b. Therefore
actually d(a, b) = 2 in this case.
If i(a, b) ≥ 2 we may take a and b to be in minimal position. Orient a and consider two points
of a ∩ b, consecutive along b.
a
a
b
c1
c2
a
a
b
c2
c1
Figure 1.
If the tangent vectors to a at these intersection points are parallel along b then perform surgery
on a with an arc of b to define two oriented curves c1 and c2 as on the left of Figure 1. We have
[c1] + [c2] = [a] and hence since [a] 6= 0, we have [c1] 6= 0 or [c2] 6= 0. Hence there is a nonseparating
curve c with i(c, a) = 1 and i(c, b) ≤ i(a, b)− 1. By induction we have
d(a, b) ≤ d(a, c) + d(c, b) ≤ 2 + 2i(c, b) + 1 ≤ 2 + 2i(a, b)− 2 + 1 = 2i(a, b) + 1.
If on the other hand the tangent vectors to a at these intersection points are not parallel along
b then perform surgery on a with an arc of b to define two oriented curves c1 and c2 as on the
right of Figure 1. Again we have [c1] + [c2] = [a]. Hence there is some nonseparating curve c with
i(a, c) = 0 and i(c, b) ≤ i(a, b)− 2. Therefore we have
d(a, b) ≤ d(a, c) + d(c, b) ≤ 1 + 2i(c, b) + 1 ≤ 1 + 2i(a, b)− 4 + 1 = 2i(a, b)− 2.
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Figure 2. The red curve c is a bicorn between a and b. Dotted lines are drawn to
indicate that two curves do not intersect at a point where one of them is dotted.
2.2. Proof of Theorem 1.1. We begin the proof of hyperbolicity of NS(S). Realize all simple
closed curves on S mutually in minimal position (for instance by choosing a hyperbolic metric on
S and taking the geodesic representative of all simple closed curves). For a, b ∈ NS(S)0 we define
a bicorn curve between a and b to consist of the union α ∪ β of an arc α of a and an arc β of
b intersecting at their endpoints and nowhere in their interiors. Possible bicorns are pictured in
Figure 2. We also consider a and b themselves to be bicorns between a and b. In the case of a, for
instance, we set α to be a itself and β to be a point of a ∩ b.
Many bicorns between a and b may be separating (even possibly peripheral). Thus we define
A(a, b) be the full subgraph of NS(S) spanned by nonseparating bicorn curves between a and b.
We use the graphs A(a, b) and the following criterion of Masur-Schleimer and Bowditch to prove
that NS(S) is hyperbolic with hyperbolicity constant independent of S.
Proposition 2.2 ([13] Theorem 3.15, [6] Proposition 3.1). Let X be a graph and suppose that to
each pair of vertices a, b ∈ X0 we have associated a connected subgraph A(a, b) containing a and b.
Suppose also that there exists D > 0 such that
(i) if a, b ∈ X0 are joined by an edge then the diameter of A(a, b) is at most D,
(ii) for all a, b, c ∈ X0, A(a, b) is contained in the D-neighborhood of A(a, b) ∪A(b, c).
Then X is hyperbolic with hyperbolicity constant depending only on D.
Claim 2.3. If a, b ∈ NS(S)0 are joined by an edge then A(a, b) has diameter at most 2.
Proof. If i(a, b) ≤ 1 then A(a, b) consists of a, b and the edge between them. Hence A(a, b) has
diameter one in this case.
If i(a, b) = 2 then each vertex c of A(a, b) has i(a, c) ≤ 1. See Figure 3.

Claim 2.4. A(a, b) is connected.
Proof. Note that if i(a, b) ≤ 1 then A(a, b) consists of the full subgraph of NS(S) spanned by a
and b, which is a single edge (therefore connected). Hence we may assume i(a, b) ≥ 2.
There is a partial order defined on vertices of A(a, b) as follows: c < c′ if the b-arc of c′ properly
contains the b-arc of c. Technically this partial order is defined on representatives of bicorn curves
as unions of a b-arc and an a-arc, however this will not matter for the purposes of this proof. We
show that given any c ∈ A(a, b), if c 6= b then we may find c′ ∈ A(a, b) with c < c′ and i(c, c′) ≤ 2 so
that c and c′ are adjacent in NS(S). Since a and b intersect finitely many times, this will complete
the proof.
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Figure 3. If i(a, b) = 2 then a and b have one of the two intersection patterns
pictured above. Hence a bicorn c intersects a at most once.
First consider the case that c = a. In this case, choose a point x of a ∩ b. Fix an orientation of
b and let y be the first point of a ∩ b after x along b. We obtain a subarc β of b with endpoints x
and y, which intersects a nowhere in its interior. The points x and y bound two subarcs α and α′
of a with disjoint interiors such that a = α ∪ α′. Note that c′1 = α ∪ β and c′2 = α′ ∪ β are bicorns
and that i(c′i, a) ≤ 1 for i = 1, 2. Moreover, we have [a] = [c′1] + [c′2]. Hence at least one of c′1 or c′2
is nonseparating. Choose c′ to be such a nonseparating bicorn and note that we have a = c < c′.
Otherwise we have a nonseparating bicorn c = α∪ β where α is a nontrivial subarc of a and β is
a nontrivial subarc of b. In this case extend β past one of its endpoints along b until it intersects
the interior of α at a point z. This gives a subarc β′ of b properly containing β and intersecting α
exactly once in its interior. In the special case that the extended b-arc never intersects the interior
of α, then one may check that we have i(c, b) ≤ 1 so that we may take c′ = b.
Let x, y be the endpoints of β so that x, y, and z occur in that order along β′. The points x and
z bound a subarc α′ of α such that α′ ∪ β′ = c′ is a bicorn of a with b. There are two cases to
consider.
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Figure 4. If the signs of intersection of a with b at y and z are the same, then
i(c, c′) = 1 and c′ is a nonseparating bicorn.
First, if the signs of intersection of a with b at y and z are the same, then i(c, c′) = 1. Hence c′
is nonseparating so c′ ∈ A(a, b), c and c′ are adjacent, and c < c′. See Figure 4.
Therefore without loss of generality we suppose that the signs of intersection differ regardless of
the direction in which we extend β. In this case we extend β past both of its endpoints until it
intersects int(α) for the first time on each side. We thus find two bicorns of a with b, c1 and c2,
both with b-arc properly containing β. The bicorn c1 has x as a corner and the bicorn c2 has y as a
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Figure 5.
corner. If c1 and c2 intersect int(α) in the same point then one may check that we have i(c, b) ≤ 2
and therefore we may take c′ = b. Otherwise we have one of the four intersection patterns pictured
in Figure 5. We deal with the cases on the bottom of Figure 5 explicitly. The other two cases are
entirely analogous.
In the cases on the bottom of Figure 5, consider the two bicorns c1 and c2 defined as in the
last paragraph. If both c1 and c2 are separating, we note the following. There exists a bicorn e2
between a and b such that [c2] + [e2] = [c] when all three are oriented appropriately. See Figure 6.
Since c2 is separating and c is nonseparating, this implies that e2 is nonseparating. Therefore we
find a third bicorn c′ with [c′] = [c1] + [e2] 6= 0 and such that i(c, c′) ≤ 2. We have c < c′.

Claim 2.5. There exists a universal constant D > 0 with the following property. Let a, b, d ∈
NS(S)0. Then A(a, b) is contained in the D-neighborhood of A(a, d) ∪A(d, b).
Proof. Let c ∈ A(a, b) with a-arc α and b-arc β. Orient d and enumerate the intersections of d with
β, x1, x2, . . . , xm in the order they appear along d.
For each i = 1, . . . ,m, there is a unique subarc δi of d oriented from xi to xi+1 such that
the resulting orientation of δi agrees with the orientation of d (indices being taken modulo m).
Moreover, xi and xi+1 bound a unique subarc βi of β. The union βi ∪ δi is a bicorn c′i of b with d.
Moreover, if we give c′i the orientation induced by δi, we have that [d] is the sum of the [c
′
i]. To see
this, note that
m∑
i=1
[c′i] =
[
m∑
i=1
δi
]
+
[
m∑
i=1
βi
]
= [d] +
[
m∑
i=1
βi
]
where we orient δi from xi to xi+1 and βi from xi+1 to xi. Here the sum
∑
βi is a singular 1-cycle
contained in the image of β. Hence this cycle is nullhomologous and the result follows. As a
result, one of these bicorns c′i is nonseparating. Setting c
′ = c′i, we obtain a nonseparating bicorn
c′ ∈ A(b, d) with b-arc β′ ⊂ β.
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Figure 6. If the bicorns c1 and c2 are both separating, then the bicorn c
′ is non-
separating and we have i(c, c′) ≤ 2.
Starting from one of the two endpoints of β′, enumerate the points of intersection of c′ with α,
y1, y2, . . . , yn in the order that they appear along c
′. For i = 1, . . . , n − 1, yi and yi+1 bound a
unique subarc αi of α. Moreover there is a unique subarc γi of c
′ from yi to yi+1 not containing
the b-arc β′ of c′. We obtain a bicorn of a with d, c′′i = αi ∪ γi for i = 1, . . . , n − 1. See Figure
7. Moreover, c′′i satisfies i(c, c
′′
i ) ≤ 1. Hence if some c′′i is nonseparating, we obtain c′′ ∈ A(a, d)
adjacent to c and the proof is then complete.
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Figure 7. A possible picture of the bicorn c′ ∈ A(a, d). Consecutive intersections
of c′ with α give bicorns c′′i of c
′ with a and hence of d with a. Two of these are
shown above.
So suppose that each c′′i is separating. We claim in this case that c is a uniformly bounded
distance from c′ ∈ A(b, d). Orient α. From the fact that each c′′i is separating, we obtain the
following:
(i) For each i = 1, . . . , n− 1, the d-arc γi either joins the left side of α to the left side of α or the
right side of α to the right side of α. For otherwise c′′i would intersect c exactly once and thus
would be nonseparating.
(ii) For each 1 ≤ i < j ≤ n− 1, if the d-arcs of c′′i and c′′j , namely γi and γj , both join the left side
of α to the left side of α, then the a-arcs of c′′i and c
′′
j , namely, αi and αj , are either nested or
disjoint. For suppose that γi has endpoints x, z and γj has endpoints y, w with x < y < z < w
in the orientation of α. Then the bicorns c′′i and c
′′
j have i(c
′′
i , c
′′
j ) = 1. This contradicts that
c′′i and c
′′
j are separating.
Now enumerate all of the d-arcs γj which join the left side of α to the left side of α and such
that the corresponding a-arcs αj are maximal with respect to inclusion: γ
′
1, . . . , γ
′
r. Let α
′
1, . . . , α
′
r
be the corresponding a-arcs and c′′′1 = γ′1 ∪ α′1, . . . , c′′′r = γ′r ∪ α′r be the resulting bicorns of a with
d. For each i = 1, . . . , r replace the subarc α′i of c with γ
′
i. Call the resulting curve c0. See Figure
8. From the construction one finds that c0 is simple. As the homology class [c0] is the sum of [c]
with the classes [c′′′1 ] = . . . = [c′′′r ] = 0, we have [c0] 6= 0 so that c0 is nonseparating. We finally
claim that i(c, c0) = 0 and that i(c0, c
′) ≤ 3. This will finish the proof.
The new curve c0 consists of the b-arc β along with several subarcs of α connected by arcs of d
joining the left side of α to the left side of α and intersecting α nowhere in their interiors. From
8
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Figure 8. A picture of the modified curve c0 along with one of the separating
bicorns c′′′i . These bicorns are chosen to have the property that their α-arcs are
maximal with respect to inclusion.
this description we clearly have i(c, c0) = 0. To see that i(c0, c
′) ≤ 3, first homotope the b-arc β′
of c′ slightly off of β so as to create no bigons between c0 and c′. Then, homotope the d-arcs of c0
slightly off of themselves within a regular neighborhood of d, moving their endpoints slightly into
the interiors of the adjacent a-arcs of c0. At this point, the homotoped b-arc of c
′ accounts for at
most one intersection of c with c0. Any other intersections of c0 with c
′ must occur between the
d-arc of c′ and one of the a-subarcs of c0. By definition, such a point of intersection is some yi.
However, by construction, each yi has been removed from c0 except for possibly y1 and/or yn.

3. The case of genus one
If S is a finite type oriented surface of genus zero then the graph NS ′(S) defined earlier is empty.
If S has genus one then NS ′(S) is non-empty but disconnected (to see this, note that if two distinct
nonseparating curves on S are disjoint then they are homotopic after capping off all the boundary
components and punctures). In this case we redefine NS ′(S) so that two vertices are joined by an
edge if they represent curves with intersection number at most one.
So let S be a finite type surface of genus one. It remains to prove Theorem 1.1 for this graph
NS ′(S). We have the following modification of Lemma 2.1:
Lemma 3.1. For a, b ∈ NS ′(S)0, dNS′(S)(a, b) ≤ 2i(a, b) + 1.
Proof. Again we prove the statement by induction on i(a, b). In the base case i(a, b) = 1 we have
dNS′(S)(a, b) = 1 by definition.
The rest of the proof goes through unmodified. 
Once again we define NS(S) to have vertex set consisting of the free homotopy classes of simple
nonseparating curves on S with edges joining curves of intersection number at most 2. As before,
Lemma 3.1 proves that NS(S) and NS ′(S) are quasi-isometric. Moreover, the proofs from section
2.2 go through unmodified, using Lemma 3.1 in place of Lemma 2.1.
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